
This article was downloaded by: [Tomsk State University of Control Systems and
Radio]
On: 23 February 2013, At: 07:04
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid
Crystals
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gmcl16

A Theory of Excitons in Strained
Molecular Crystals
Pieter E. Schipper a b
a William Ramsay and Ralph Forster Laboratories, University
College London, Gower Street, London WC1, England
b Department of Theoretical Chemistry, University of Sydney,
Sydney, N.S.W. 2006, Australia
Version of record first published: 21 Mar 2007.

To cite this article: Pieter E. Schipper (1974): A Theory of Excitons in Strained Molecular
Crystals, Molecular Crystals and Liquid Crystals, 28:3-4, 401-421

To link to this article:  http://dx.doi.org/10.1080/15421407408082834

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-
conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to date. The
accuracy of any instructions, formulae, and drug doses should be independently
verified with primary sources. The publisher shall not be liable for any loss, actions,
claims, proceedings, demand, or costs or damages whatsoever or howsoever

http://www.tandfonline.com/loi/gmcl16
http://dx.doi.org/10.1080/15421407408082834
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


caused arising directly or indirectly in connection with or arising out of the use of
this material.

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

7:
04

 2
3 

Fe
br

ua
ry

 2
01

3 



MoL Cryst, Liq. Oust., Vol. 28 ,  pp. 401-421 
@ Gordon and Breach Science Publishers, Ltd. 
Printed in Dordrecht, Holland 

A Theory of Excitons in 
Strained Molecular Crystals 
PIETER E. S C H l P P E R t  

William Ramsay and Ralph Forster Laboratories, 
University College London, Gower Streef, London WCl, England. 

(Received December 4, I973; in final form March I I ,  I974) 

This paper examines theoretically the effects of strain on the exciton properties of some 
molecular crystals. It is found that the  parameters of exciton theory are relatively sensitive 
to changes in lattice parameters of the crystal, and thus strain can result in significant 
changes in the crystal spectrum. The method proceeds through strain derivatives of the 
exciton parameters, which are evaluated for the  unstressed crystal geometries. In this way, 
the  influence of pressure and temperature on  the spectrum is examined. The strain deriva- 
tives are evaluated for anthracene and naphthalene for light incident on the ab-face, and the 
theory used to re-examine some of the features of the first singlet of anthracene. Good 
agrccment with experimcnt is obtained. 

INTRODUCTION 

The exciton energies of a molecular crystal are functions of the interactions 
between the molecules constituting the crystal, and thus of lattice geometry. 
When the crystal is subjected to  stress (pressure) or temperature changes, the 
geometry undergoes changes resulting in a shift of the exciton energies. Experi- 
mentally this is manifest in the sensitivity of spectral measurements to the 
conditions under which the spectra are taken. For example, the glues sometimes 
used for mounting thin crystals shrink significantly on drying; this shrinkage can 
set up large stresses in the crystal, resulting in appreciable crystal deformation 
and changes in the subsequently-measured spectrum. Strain effects are also im- 
portant when very thin crystals are used. Such crystals may be strongly attracted 
to quartz plates so that they may be under considerable strain when the spec- 
trum is measured.' The dependence of the factor group splitting for anthracene 

t Now at the Department of Theoretical Chemistry, University of Sydney, Sydney, N.S.W. 
2006, Australia. 
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402 P. E. SCHIPPER 

on crystal thickness is a good example of such a case.* 
Systematic experimental studies of the effect of pressure and temperature on 

spectra have been reported for a number of both pure and mixed  crystal^.^-^ 
Such studies provide quantitative relationships between spectral shifts and strain, 
provided the elastic constants and the temperature-dependence of the lattice 
parameters are known. Theoretical work on such effects has been restricted 
mainly to the effect of pressure on mixed-crystal spectra, for which the host 
induces a ‘solvent shift’ in the guest s p e c t r ~ m . ~  Such models are inappropriate 
for the pure crystal, for which exciton transfer terms cannot be neglected. 

In this paper, the crystal energies are determined by the use of finite-basis 
methods in the usual way.’t8 Matrix elements for the stressed crystal are ex- 
panded in terms of those for the unstressed crystal using a Taylor expansion in 
terms of suitably defined crystal strains. This yields the shifts in energy levels on 
stressing (or cooling) the crystal as functions of strain derivatives of site shift and 
exciton transfer terms, which are evaluated for the unstressed (room tempera- 
ture) geometry. Use of simple elasticity theory finally yields the energies of the 
crystal as functions of temperature and pressure. 

The derivatives are determined for the dispersion site shift and exciton trans- 
fer ternis for both anthracene and naphthalene. The results for anthracene are 
used to discuss the pressure and temperature dependence of the first singlet 
system of anthracene. 

BASIC EXCITON THEORY 

The electronic properties of molecular crystals m_ay be calculated in terms of 
suitable combinations of free-molecule functions’~ The wave equation for an 
isolated oriented molecule at site m may be written 

H m q A = p q A  

where H ,  is the molecular Hamiltonian, and the sth excited state wave 
function with eigenvalue I f .  The ground state is given by s = 0: The Hamiltonian 
for an aggregate of such molecules may be written 

H =  E H ,  + C V,, 
m m.n 

where V,, is the interaction operator between molecules on sites m and n. The 
eigenfunctions for the crystal may be set up from the following localised excita- 

Doubly and higher excited states are neglected. The states of the aggregate are 
then assumed to be linear combinations of the above localised excitation func- 
tions 
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A THEORY OF EXCITIONS 403 

The ground state is assumed not to mix with higher states, so that the ground 
state energy of the crystal becomes 

E, = < G(- I HI q G  >. 
For the excited states, the coefficients b;l are determined from variation theory 
by the secular equations 

C [<@$ I H I  @A> -- (EfEc;) h,yt 6m,i IQ:z = O  
n,r 

and the energy E relative to the perturbed crystal ground state from the solu- 
tions of 

det 1 < ] H I 4; > ( E  +h'(,.) 6,,,,,1 = 0 

For crystals with more than one molecule in the unit cell, the double index 
iiz = ip may be used, where i indexes the h sites in the unit cell and p the unit 
cells. The translational symmetry of the crystal requires that the coefficients 
have the form -1 

us = N  exp [ik.rip] A! (k)  IP 
where k are the exciton wave vectors defined in the usual way, and rip is the 
position vector of the molecule at ip. Cyclic boundary conditions have been 
assumed, with N unit cells per periodic volume. The secular equations are diago- 
nal in k, so that there will be a secular equation for each k value o f t h e  form 

C [ < 6 (k)  I H I @; (k) > - (E + E(;) aSt  a,,,,, 1 = 0 
J 

where 
@; (k) = N - :  C exp [ik.rip] 4;. 

P 

The secular equations contain the general matrix element 

< @; (k) I HI @; (k) > = [EG + f? - E O ]  6st  6 j j +  Dsi 6ii 2 ff(k) ( 2 )  
11 

where 

and 

DS' is the gas to crystal site shift matrix, and I?; (k) the exciton transfer or 
resonance interaction matrix. 
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404 P. E. SCHIPPER 

Application to anthracene and naphthalene 

For certain crystals, an explicit expression may be obtained for the exciton 
energies by making approximations in the secular determinant. Firstly, it may be 
assumed that the free-molecule excited states do not mix, so that the secular 
equations reduce further into a seperate set for each s with elements < 4; (k) IHI 
4; (k) >. For anthracene and napthalene, with two molecules per unit cell, there 
equations for each value of k.  The further assumption that 1; (k) =I;:  (k) in 
these crystals for k in the region of k = 0 leads to the two energy solutionsg 

E , ( k )  = [ (Es --P) + Ds + If: (k)] [If; (k)]. ( 5 )  
The special shift term DSS is strictly the difference in the Coulomb interactions 
in the excited (s) and ground states of a given molecule with all other molecules 
in the crystal. This vanishes in the dipole approximation for molecules without a 
permanent dipole moment. The corresponding difference in the dispersion ener- 
gy, which is thought to provide the main contribution to the experimentally- 
observed shift arises from second-order terms involving multiple excitations. This 
dispersion term is conventionally included in ors (the theoretical justification is 
discussed in the appendix) and we shall thus refer to DsF as the van der Waals 
shift term. 

With the energy in the form (5) the mixing with higher states may now be 
hicluded as a correction using second-order perturbation theory. This correction 
has the form' 

Effects of stress 

When the crystal is put under stress, the resultant deformation will change the 
intermolecular interaction operator, and thus change the values of the matrix 
elements defined above from their values for the unstressed case. This in turn 
will shift the crystal energies. In order t o  express these shifts in the crystal 
energies in terms of the crystal deformation, some approximentations must be 
made about the nature of the deformation. 

Throughout this work the deformation is assumed sufficiently small so that 
the overall symmetry of the crystal is not reduced. Any stress applied to the 
crystal is thus assumed to be uniformly distributed through the entire crystal. 
The importance of this assumption arises as follows. Suppose the wave vector k 
in the unstressed crystal becomes k ' in the stressed crystal, and the vector T,, 
linking molecules m,n in the crystal becomes TAn Then under the conditions 
imposed above, it follows from the definition of k that 

k.T,, = k'.Ti, i f  T,, = T",, = t" 
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A THEORY OF EXCITONS 405 

where TR, is a translation by an integral number of lattice vectors, and tii is a 
translation by symmetry-determined fractions of the lattice vectors. We shall for 
convenience deal only with crystals for which this is so. 

For anthracene and naphthalene, the shift in the energy on stressing the 
crystal is directly related to the shifts in the matrix elements from Eq. (1 1) by 

A E ;  (k) = [AD" + A I E  (k)] ?r A I E  (k). (7 1 
In order to relate this energy shift directly to the deformation of the crystal, the 
matrix elements must be expanded in terms of the deformation set up by a given 
stress or temperature change. This requires the explicit expression of the defor- 
mation in terms of suitable crystal strain coordinates. 

THE STRAIN DERIVATIVES 

Crystal strains 

The deformation of a molecular crystal may be expressed in terms of two types 
of crystal strain: external and internal. The external strains describe the changes 
in the shape and size of the unit cell whereas the internal strains describe con- 
sequent changes within the new unit cell. 

The external strains resulting from the application of small macroscopic 
stresses are most easily defined in the following way. For a general deformation, 
a point with initial position vector r is shifted to r 'where 

r ' = r + d  

and r = (xu,-), d = (uvw) in an (xyz)-coordinate system. The external strains are 
then defined as 

~1 to e3  are the normal strains, and describe linear changes; €4 to € 6  are shear 
strains, and describe angular changes of the medium. As we have assumed that 
there is no loss of symmetry on deformations it is possible to  transform to a 
new set of strain coordinates: a ,  b, c (unit cell lengths) and a, 0, 7 (unit cell 
angles). Denoting these six coordinates respectively by uj(i = 1 ,  ... $4, it is possi- 
ble to write 

The estimation of the strain transformation matrix T for any particular lattice is 
a purely geometrical problem. The external strains may be determined from the 
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406 P. E. SCHIPPER 

applied stresses (assumed sufficiently small) if the elastic constants are known. 
In matrix form, the relationship may be written 

7 = C E  (9) 
where e is a column matrix with elements ei, C the matrix of elastic constants Cij 
and t the column matrix of stress components ti defined in the usual way. 

The external strains describe only the changes in the shape and size unit cell. 
Within the new unit cell defined by the external strains, however, the molecules 
may change their positions and orientations. They will do so in such a way as to 
minimize the increase in potential energy associated with the change in unit cell 
shape. The parameters decribing these changes are called interna2 strains. These 
strains are functions of both the force constants of the crystal and the external 
strains. Their derivation is fully discussed elsewhere. lo The translational shift of 
the molecule m will be denoted by the cartesian components 6x7 (i = 1,2,3) 
relative to the lattice point. Orientational shifts will be denoted by the three 
infinitesimal rotation coordinates 6 6 7  (j = 1,2,3) about suitably chosen molecu- 
!ar axes. We shall refer to them collectively as 6 ~ ' : .  

In general then there will be six external strain components describing the 
change in unit cell shape, and six internal strain components for each molecule 
in the unit cell. The symmetry of the lattice may reduce the number of non-zero 
strain components in any particular lattice. 

Expansion of a general matrix element 

The interaction operator V,, between the two molecules m and n in the stress- 
ed crystal may be expanded in a Taylor series in the crystal strain about the 
value for the unstressed crystal v",,. This will lead in turn to an expansion for 
the matrix elements. Consider the general matrix element Mom, connecting the 
wave functions of molecules m and n in the unstressed crystal. Let (x i )  represent 
the ith coordinate of a cartesian system fixed in the crystal, so that x y  is the ith 
coordinate of molecule m. Defining xi"" = (xi" - xy), the matrix element for 
the stressed crystal expanded in terms of the displacements 6 x y n ,  My, 607 
about the value for the unstressed crystal has the form 

The displacements describe shifts from the unstressed crystal values of the re- 
spective coordinates, and are assumed sufficiently small to allow truncation at 
linear terms. The derivatives are evaluated for the unstressed crystal geometry. 
The displacements 6 x y n  contain both internal and external strain components, 
which may be separated by putting 

sxy = say + sxy 
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A THEORY OF EXCITONS 407 

where is the shift of molecule m due to the overall change in the unit ceil 
geometry, and SXY any internal shift within the unit cell. It is thus possible to 
rewrite the above expansion in the following way: 

AMrnn = z M,;l, (Ui) SUi + 2 M A n  ( W k )  6w, 
i k 

where j runs over the 6 external strains and k over the 9 internal strains affecting 
the interaction term. AMrnn is the shift in the matrix element from its un- 
stressed crystal value. The M A n  (u j )  will be referred to as the external strain 
derivatives of m, and defined as 

The internal derivatives are analogously defined as 

Note that all the derivatives are evaluated at the unstressed crystal geometry, SO 

that only a single set of derivatives requires evaluation. This expansion can now 
be applied directly to the matrix elements appearing in the expression for the 
crystal energies. 

THE ENERGY SHIFTS 

When a crystal is deformed, there is a change in the matrix elements Mmn 
connecting molecules m and n because of the changes in both their separation 
and their relative orientations. In the previous section, this change is expressed in 
terms of external and internal strain derivatives. It now remains to  find suitable 
expressions for the matrix elements so that these derivatives may be easily 
evaluated. 

By expanding V,, in terms of multipole interactions, the general matrix 
element Mmn may be written symbolically in the form 

where Q m ,  Q, are terms involving products of molecular multipole moments 
(referred to  intramolecular axes), Rmn is the separation of molecules m and n, 
and Fm, contains all factors pertaining to the relative orientation of m and n. 
F,, may be expressed in terms of crystal-fixed or intermolecular axes. The 
effect of strain on Mmn will thus be restricted to changes inR,,, F,, only. 
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408 P. E. SCHIPPER 

The external strain derivatives have the form 

Note that (aF is not zero as the relative orientation is a function of the 
vector R,,,, which changes with strain. The internal strain derivatives have the 
same form, except that for the orientational derivatives, (aR,,/ 26,") = 0. 

The site shift terms 

It has already been noted that for molecules without a permanent dipole mo- 
ment the first contribution to U,, is a quadrupole-quadrupole term, for which 
P = 5. It has been suggested ' ' 7  that the major contributions from the D terms 
arise from dispersion terms for which p = 6. As dispersion terms for molecular 
crystals have been found to be relatively insensitive to angular shifts of the 
molecules, l 3  the orientation factor F,, for this case may then be put equal to a 
constant. The dispersion contribution may then be written in the simplified 
form 

AS 
D,s,s, =-  

6 
R m n  

where AS is assumed to be constant for a given s. 
The shift in the dispersion term ADss for the stressed crystal then follows 

directly from &. (1 I ) ,  (13). All orientational internal strain derivatives will be 
zero. Then 

and the derivatives have the form 
6 AS 

Dm, (Ui) = -- 
R7,n 

The parameter AS may be determined empirically from the unstressed crystal 
spectrum. 

The resonance (exciton transfer) terms 

The general resonance term defined in Eq. (4) may be put in the form (12) by 
expanding Vmn in terms of multipole interactions. In practice, it is often possi- 
ble to consider only the dipole-dipole term, so that 
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A THEORY OF EXCITONS 409 

ds, df are the dipole lengths for the three-molecule transitions s and t respec- 
tively. The orientation factor may be written in the form 

pii are the direction cosines, with the indices k ,  k ' referring to the polarizations 
of the transitions s and t respectively. flii is the cosine between axis i of an 
intermolecular (xyz) system and axis j of an intramolecular (lrrrn) system. The 
( h n )  system is molecule-fixed, and the (xyz) system is chosen so that the z-axis 
joins the molecules m and n ,  with x y  orthogonal to z. In practice, the direction 
cosines are usually defined in t e r m  of the (lrnn) and an orthogonal (ubc) system 
which is crystal-fixed. If Oii, is the matrix of direction cosines connecting the 
(iik) and (i j 'k ') systems, the required BXl is given by 

BXl = Bxa Do[.  
The shifts in the resonance terms on stressing the crystal may be found using 

Eq. (1 l), ( 1  3). Defining 

for convenience, it follows that the shif in $An is given by 

(15) 
[kk  ' 1  A I &  = dr dS AG,, 

where 

The external strain derivatives have the form (1 3) 

Ikk'I  
Both terms have an effective R;3n dependence. The derivatives (aFm,/auj)o con 

tain terms of the form 02 {au,),, so that the evaluation of the Fmn eriv- 
atives require, in effect, the evaluation of the derivative matrices 

r k k a  , 

The Cartesian internal strain derivatives are analogously defined. 
The orientational changes associated with the internal relaxation yield rela- 

tively straightforward derivatives. Use of the theory of infinitesimal rotations 
and noting that, to first order, l4 
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410 P. E. SCHIPPER 

the orientational internal strain derivatives have the form 

fijk is the antisymmetric third-order tensor, which vanishes if any two of the 
subscripts are equal, is equal t o  +1 if the subscripts are in increasing cyclic order 
( e g  123, 231), and -1 if they are in decreasing cyclic order (eg.  321, 213). 

Lattice sums 

It follows from Eq. (4) that changes in the matrix elements deiermining the 
energy shift due to crystal strain involve sums of the form 

Ikk'1 . C exp [ik. (rm -rn)] G,',,, 
n 

In the dipole-dipole approximation, these are conditionally convergent in the 
same way as are the normal dipole sums. This problem is extensively discussed 
e l~ewhere '~  ' 16. There are a number of summation techniques: direct summa- 
tion, Ewald-Kornfeld method, and planewise summation. Of these, the latter as 
developed by Philpott is most suitable for this work. l7 Planewise summation 
provides a rapidly converging result, and avoids the necessity of including a 
macroscopic polarization term which would have to be treated separately for 
strain effects. 

Summation for the dispersion problems is absolutely convergent, and thus no 
such problems arise. 

Pressure and temperature effects 

Once all the strain derivatives of the matrix elements have been determined for 
the unstressed crystal, the energies are given directly as a function of the strain. 
Consider in particular the especially simple case for anthracene and naph- 
thalene in which the energy shift is given by Eq. (7) directly as a function of the 
strain derivatives and the crystal strains (see Eqs. 14, 16). This shift is then 
expressed as a function of pressure and temperature in the following way. 

Consider an applied pressure P assumed to act hydrostatically on the crystal. 
By resolving the pressure into normal stresses T ,  , r 2 ,  T~ each equal to (-P), the 
Cartesian strains ei are found using the elastic constants of the crystal from Eq. 
(9). These are then transformed to the external unit cell strains by Eq. (8). If the 
internal strains are neglected, the strains are linear in P, so that the energy shift is 
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A THEORY OF EXCITONS 41 1 

directly determined as a linear function of P. Similar calculations may be done 
for any homogeneous stress vector 7. Inclusion of the internal strains requires 
knowledge of the force constants of the crystal and the external strains. We shall 
not discuss these in detail here. 

If the structure of the crystal is known for two temperatures T ,  P, it is 
possible to define linear expansion coefficients a(ui) for this temperature range 
from the expression 

where 6ui=(ui -up), 6 T = ( T  -10). up is the lattice parameter at room tem- 
perature p, at which we shall refer to the crystal as unstrained. Note that 
the strain derivatives are defined for the unstressed geometry at temperature p .  
ui is the lattice parameter at another temperature T.  The expansion coefficients 
for the internal strains are analogously defined. The energy shifts are then given 
as linear functions of the temperature change. In a later section, we shall apply 
these ideas to the first singlet of anthracene. 

6uj = C Y ( U ~ )  6T (17) 

CALCULATIONS FOR ANTHRACENE AND NAPHTHALENE 

Antracene and naphthalene have monoclinic lattice structures characterised by 
unit cell sides a, b ,  c and the monoclinic angle 0 Is, 1 9 .  For small stresses, the 
assumption that the overall symmetry is not reduced leads to changes in these 
four quantities alone. Estimation of the transformation matrix T (see Eq. 9)  is 
effected by choosing the x, -v axes to correspond with the crystal Q ,  b axes, and 
subtracting the coordinates of the strained and unstrained unit cells. The matrix 
T is found to have the following non-vanishing elements: 

sin 2p sin 20 sin 20 
T35 = - T51 = -  - T35 = -. 

2 20 2P 
Thus there will be four non-zero unit cell strains. These may be determined for 
an arbitrary stress from Eq. (9 )  using the elastic constants as determined by 
experiment. " 7  

Both anthracene and naphthalene have two molecules per unit cell related 
through a glide plane, and also there is an inversion centre at each lattice point. 
Retention of the glide plane on deformation ensures that the orientations of the 
two molecules in a unit ceil do not become independent, so that only the 
internal strains for one molecule need be considered. Thus there will be three 
orientational strain coordinates 60j .  Retention of the inversion.centre restrains 
the molecules to  their lattice points, so that all the 6Xi vanish. 

Having determined which strains we reed to consider, we now turn to a 
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412 P. E. SCHIPPER 

consideration of which matrix elements will be important in these crystals. We 
shall be interested in the absorption states of the crystal for light normally inci- 
dent on the ab-face of the crystal. If k is the exciton wave vector, and q that of 
the incident light, the selection rules for absorption may be written l6  

I k I = O ,  k = q  

where indicates a unit vector. The first part of the selection rule is the result of 
the wavelength of light being large compared with the lattice parameters, where- 
as the second part preserves the propagation direction of the absorbed photon. It 
follows that k will be perpendicular to the ab-crystal planes. The approximate 
energies for the weak transitions of these crystals for this case may be written 
from (5) as 

where the resonance terms are obtained by planewise summation over the ab- 
planes. It follows from the above that there are two absorption components, 
split by an energy 

which is referred to as the Davydov or factor group splitting. Note that to first 
order it is a function only of the resonance terms. The mean shift of the absorp- 
tion from that of the free molecule is defined as 

E,  (0) = [ (Es - E O )  + Dss + Is," (O) ]  i I,"," (0) 

ED = 2 Z:; (0) 

E s = i  [Dss+Z,SS(0)] 

and is a function of both resonance and dispersion terms. If mixing with higher 
states is included (Eq. 6) ,  it is necessary to consider also the termsZf: (01, Jii 
(0) for strong transitions t close to s. The Dsr terms for t # s will be neglected 
here. The results of calculatjons of the sums mentioned above for anthracene 
and naphthalene are given below. 

TABLE 1 

The dispersion derivatives for anthracene and naph tha led  

Anthracene Naph thdene 

-98.'8 
-112.9 

-6.0 
45.0 

-122.1 
-135.3 

-20.6 
115.3 

DSS 265.1 332.6 

0 All values must'be multiplied by the factor 10-6Af. D'(uj) then has units cm-' A-' or 
cm-' rad-'. 
b This is the dispersion shift for the unstressed crystal. 
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A THEORY OF EXCITONS 413 

The dispersion derivatives 

The dispersion derivatives for these crystals are found directly from Eq. (14). 
They converge rapidly, and are given in Table 1 in terms of the empirical para- 
meter AS which must be determined from the unstressed crystal spectrum. (This 
is illustrated in the next section for the weak system of anthracene). 

The resonance derivatives 

The resonance derivatives were calculated by planewise summation, and the re- 
sults are given in Tables 2 and 3. Convergence within 2% was achieved for 
summation radii of 300 A, t and the contributions of planes beyond the nearest 
neighbour planes were found to be negligible. Note that the c- and 0-derivatives 
are zero for the in-plane sums, so that the total contribution to these derivatives 
come from neighbouring planes. 

TABLE 2 

Resonance derivatives for anthracene 

LL MM NN LM LN MN 

-147 -25 161 -167 -277 39 
-728 827 -135 -351 -90 -693 
-32 4 28 -6 -2 16 

44 -46 -16 -179 -357 -87 
0 -1223 1223 -490 602 -658 

981 0 -981 611 -1141 -602 
-1205 1205 0 1798 -611 490 

-671 -554 11 -311 --535 -650 
-365 286 742 -537 -823 61 

30 -9 -29 7 2 -13 
-40 83 16 168 348 60 

0 650 -650 -1588 971 1228 
3177 0 -3177 -325 -1979 -971 

-1944 1944 0 750 325 1588 

GI10 1987 -1610 -294 1205 981 1223 
G,Xb 2538 1038 -1419 1944 3177 -650 

a Units cm" A-I or cm-lrad-' 
Unstressed crystal dipole sums 

- 

f summation to larger radii t o  obtain the extra few % was not pursued for all sums as (1) 
the theory does not warrant such accuracy (2) computation time required is relatively long 
for derivative sums. 
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414 P. E. WHIPPER 

TABLE 3 
Resonance derivatives for naphthaleneQ 

LL MM NN LM LN MN 

-209 -18 227 --143 -194 82 
-741 808 -68 -495 -18 ---687 
-51 -19 70 --55 --93 22 
898 -195 -703 -125 -615 -568 

0 --I086 1086 -418 771 --409 
836 0 -836 542 -1447 --771 

-1543 1543 0 1858 -542 418 

-819 --658 64 -325 -586 250 
-599 317 951 -588 -751 97 

31 -24 -79 56 79 -3 
-768 410 703 95 634 422 

0 871 -871 -1444 953 1554 
2887 0 -2887 -435 -2462 -953 

-1908 1908 0 908 435 1444 

2204 -1511 -691 1543 836 1086 
3073 1248 -1851 1908 2887 -871 

a Units cm-l A-' or em-' rad-I 
h Unstressed crystal dipole sums 

THE FIRST SINGLET SYSTEM OF ANTHRACENE 

The transition energies of the excited states of anthracene in the vapour phase 
and in solution are summarized in Table4. The polarization of the first and 
second singlets is relatively well established but the assignment of higher states is 
speculative. The solution spectrum of the first singlet exhibits a clear vibrational 
progression based on a 1400 cm-' vibration. In the crystal spectrum, each of 
these vibrational levels is split into two levels, withenergies summarized in Table 
5. The splitting measurements are very sensitive to strain effects resulting from 
the mounting of the very thin crystals, so that a range of measurements have been 
reported in the literature. 

Calculations for the unstrained crystal 

A treatment of the stressed crystal requires a knowledge of the unstressed crystal 
energies and the determination of the parameter AS for the dispersion term. The 
theory previously described (Eqs. 5,6) may be modified for the first anthracene 
singlet to include the vibrational structure. For the electronic weak coupling 
limit'(splitting< 1400 cm-'), the k = 0 energy of the olth vibrational level (fre- 
quency v) of the first singlet s is written 
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A THEORY OF EXCITONS 41 5 

and 

.$ (a)  is the Franck-Condon factor for the a-quantum vibraticma.1 function in the 
in the first excited state and the zeroth level in the ground state. For the first sin- 
glet, 

g2(0) = 0.324 g2(1)  = 0.316 t 2 ( 2 )  = 0.218 g2(3) = 0.093 t2(4) = 0.050. 

The vibrational structure of the excited states r ( f s )  is neglected in the calcula- 
tions. 

The unstressed crystal energies were calculated for the first singlet using the 
above equations, incorporating mixing only with the strong second singlet, and put- 
ting the free-molecule energies equal to the vapour phase values of Table 4. Al- 
though inclusion of higher states t ', t "has been shown to give an increase in calcu- 
lated splitting, 22 their effect is relatively less than that of the t state, and will be 

TABLE 4 

Anthracene vapour and solution data', 22 

System ( r ]  Transition energy (cm-' ) Dipole Polarization 
Vapour Solution length (A)  

It1 42270 
l f ' l  
[t" 1 

~~ ~~ ~~ 

26000+ 0 61 M 

39000 1.87 1 
45200 0 64 Mh 
54000 0.83 Mb 

14000 

a Band origin23 
Assignment uncertain 

TABLE 5 
Crystal energies of first singlet 

system of anthracene a 

01 Observed energies' Splitting b 

0 25500 25310 190 
1 26930 26820 110 
2 28360 28300 60 

a for [ O O  1 I face 
all energies in cm-' 
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416 P. E. SCHIPPER 

neglected here. The D" terms in the denominator are also neglected. The transi- 
tion energies relative to the dispersion shift Dss [viz. EZa - PSI are summarized 
in Table 6. In order to find a value of A S ,  the dispersion shift Ps is determined 
empirically by subtracting the calculated values for (EZa - Dss) from the experi- 
mentally determined values of -k:a of Table 5 .  The mean of the six values thus 
found yields Ps = -1980 cm-', and thus from the results of Table 1 it follows 
that AS = -7.4 x lo6 cm-'A6. This value of AS can now be used to determine 
the dispersion derivatives for the s transition. 

Calculations for the strained crystal 

A shift in the energy ESp may be written in terms of the shifts in resonance and 
dispersion terms as 

A E t p  = A D S  + f Z  (a) [A';: f A I ; ; ]  + 2 f z  (.)[A':: 2 A I s f ]  12 [ I s f  11 - "3 
[ E y  - E 3 O  

f z  (a) [ ( A I ; ;  f A's;)-( AZ::  f AZ:i)][Z;i f If:]' . 
- 

[E iSa  - E:'I2 

The energy shift may be written in the form 

A EY = E; (SQ, ui) 6ui 
(a@:) 

where E; (sa, ui) is the strain derivative of the energy 0 . It follows that 
the strain derivatives of the energy may be directly evaluated from those of the 
dispersion and resonance terms. Defining the Davydov splitting and the 
mean shift EY as 

9; = [P: - cQ] , EF = [pa + + En], 
it is also possible to find directly the values of their corresponding derivatives E i  
(sa, ui), E i  (sa, ui). The results of the calculations for the a- and b-strains are 
presented in Table 7. 

TABLE 6 
Calculated first singlet 

energies for anthracene a 

01 12; - ~3 - D"] Splitting (ern-' ) 
- 

(cm-' ) (mi-' ) 

0 21494 21362 132 
1 28893 28770 123 
2 30352 30270 82 
3 31832 31800 32 
4 33263 33248 15 

a Relative to DSS 
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A THEORY OF EXCITONS 41 7 

TABLE 7 

Calculated energy derivatives for the first sin_elet system of anthracene 

01 uj p+ (sn, r f j )  EL (sn, tri) Resonance Dispersion E s  (sa, ui) E'b(sol, ui) 
contribution contribution 

0 Q 691 807 -40 76 731 749 -I 16 
1 Q 693 807 --38 76 73 1 750 --114 
2 Q 705 7 84 --26 53  731 744 -79 
3 a 720 754 - - I 1  23 731 737 -34 
4 a 725 744 -6 13 731 7 34 -19 

0 b 10717 907 192 72 835 967 120 
1 h 1025 907 190 72 835 966 118 
71 h 966 885 131 50 835 925 81 
3 h 892 857 57 22 835 874 35 
4 b 867 84 6 32 11 83 5 856 21 

The results for other strains may be readily estimated from data of Tables 1 and 
2. 

Some general points may be noted here. The dispersion terms dominate the 
mean shift derivatives, but contributions from the resonance terms are not negli- 
gible. Note that the dispersion contribution is independent of a ,  but the reso- 
nance contributions vary for the different vibrational components. The Davydov 
splitting derivatives are functions only of the resonance terms. The splitting 
increases with compressions of a, and with rarefactions of 6. Thus the overall 
shift for a general stress is direction dependent. We return to this anon. 

Pressure effects 

The effect on pressure on the first four vibrational components of the first 
singlet have been studied.6 The conditions of the experiment did not allow 
measurements of the Davydov splitting, but the means shifts of the four levels 
varied linearly with pressure up to about 40,000 atm according to  the relation- 
ship 

where k: has the values 

A EF = 4: P cm-' (P in  atm) 

-0.05 1, -0,045, -0.040, -0.039 (cm-' atm-') 

as cy ranges from 0 to 3 .  
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41 8 P. E. SCHIPPER 

Calculations of the shift changes with pressure follow directly from a know- 
ledge of the strains resulting from a hydrostatic pressure for anthracene. Using 
the procedure discussed in Sect. 4, the strains from a pressure of P atm for anthra- 
cene are found to be 

6 a = - 0 . 6 7 ~ 1 0 - ~ 1 ,  6b=-0.31 x ~ O - ~ P  6 ~ = - 0 1 0 x l O - ~ P  6 p = O . 0 8 ~ 1 0 - ~  

in units 8, rad. Neglecting the relatively small C- and 0-strains, as well as the 
effects of internal strains, the use of the derivatives of Table 7 give 

A E F  = EJ, (sqa) 6a f E i  (s01, h )  6b  = k i  P 
'(s" = -0.080, -0.080, -0.078, -0.076 for 01 = 0, ..., 3. 

Noting that the shift due to the dispersion term is independent of 01 and con- 
tributes -0.074 to %, the change in the constant through the progression is due 
to the resonance contributions. The dominant contribution is from the disper- 
sion terms, although comparison with experiment suggests that A S  is too high by 
about 30%. The slow decrease in the magnitude of AE? predicted by the 
calculations is found in the experimental results discussed above. 

The effect of pressure on the Davydov splitting is readily calculated in the 
same way to be 

where ka - 0.004, 0.004, 0.0028, 0.0012, 0.0007 (cm-' atm-') as ct =0, ... ,4. 
The splitting is a function only of resonance terms. Strains of 6a = -0.67 8 , 6 b  
= -0.31 8 corresponding to a pressure lo4 atm lead to an increase of about 
40 cm-l. For more general stresses, it is interesting to note that the splitting 
derivatives for the a and b parameters are approximately equal in magnitude but 
opposite in sign so that we can write 

where 

A E g = k g  P 

* .- 

A E'g = E b  (SO, a) [6a - 6b] 

where E i ( s 0 ,  a) = -120 cm-'8-'. As anthracene is more 'compressible' in the 
a-direction, it may be expected that mounting crystals causes compressive stress- 
es in the crystal for which -6a > -6b and thus AEE > 0. For very thin crystals, 
such compression could occur through strong attractive forces between the 
crystal and the plate which increase as the crystal approaches zero thickness. 
These results thus agree qualitatively with the increases in the splitting found 
experimentally when the crystal is mounted', and the increase in splitting for 
mounted crystals as the thickness is reduced2. D

ow
nl

oa
de

d 
by

 [
T

om
sk

 S
ta

te
 U

ni
ve

rs
ity

 o
f 

C
on

tr
ol

 S
ys

te
m

s 
an

d 
R

ad
io

] 
at

 0
7:

04
 2

3 
Fe

br
ua

ry
 2

01
3 



A THEORY OF EXCITONS 41 9 

Temperature effects 

The effects of temperature on the lattice parameters of anthracene have been 
studied 247 25and the structures determined at 95, 290°K. Linear expansion coef- 
ficients may be calculated as previously described for T' = 3,90"K, T=95"K. 
They have the values 

c~(a)=O.61 = 1 0 - 3 ~ ( b ) = 0 . 1 8 x  1 0 - 3 ~ ( ~ ) = 0 . 3 1  x 10-3~(p )=-0 .08x  

(in units a OK-', rad OK-'). Neglecting again all strains except 6a and 6b,  the 
changes in the Davydov splittings and mean shifts as functions of 6T = [T-P]  
may be calculated to be 

A E E  =c; 6T AEs," =c: 6T 

where cE= -0.049, -0.048, -0.034, -0.015, -0.007 and c: =0.631, 0.631, 
0.620, 0.606, 0.602 for a=O, ..., 4 (units cm-' OK-'). Again, c s  arises purely 
from resonance terms; c: contains a constant dispersion contribution of 0.596, 
the remainder being contributions from resonance term s. In general, then, this 
suggests that a decrease in temperature leads to an increase in the splittings and a 
general shift of the system to lower frequencies. These effects are found experi- 
mentally 2 6 .  

SUMMARY 

The theory and calculations presented in this paper suggest that strain in anthra- 
cene can have significant effects on the mean shift and the Davydov splittings of 
the first singlet system. Theoretically estimated changes with pressure and tem- 
perature are in relatively good agreement with experimental results. The scope of 
the theory is limited to strains for which the expansion of the interaction opera- 
tor may be restriced to linear terms. The point where deviations from linearity 
become important may be found in two ways: by comparison with experiment 
and by calculation of the dispersion and resonance terms directly for lattices of 
varying dimensions. Such calculations suggest that deviations from linearity be- 
come appreciable only for strains in excess of lo%, so that it would appear that 
restriction to linear terms is valid over a high range of pressure (up to 40,000 
atm in anthracene). Strains due to iempeiature changes less than 10%. 

As a final comment, it is worth noting that such strain derivatives may be de- 
fined for any property depending on matrix elements of intermolecular inter- 
action, terms. For example, applications to simple models for conductivity in 
molecular crystals could be envisaged. 
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420 P. E. SCHIPPER 

APPENDIX 

The dispersion contributions to the site shift term may be incorporated in the 
following way. In addition to the localised excitation functions (1) we define the 
doubly excited states 

4;; =9; 9; *G (9; v y ,  
and for convenience, adopt the convention that 

Consider now the localized excitation function 4; . It is possible to incorporate 
the effect of interactions with all other states not degenerate with it by 
perturbation theory, so that the perturbed localized excitation function i);n 

has the form 

( + i n )  

The summation is over all states r, f, except those for which the energy denomi- 
nator is zero. The ground state wave function becomes 

If these perturbed functions +A are now used instead of@; in the variation 
treatment leading to (21), it is not difficult to see that the diagonal terms 
become 

<*f (k) I HI *f (k)> =< 4: (k) I H I @; (k)> + iY (ind) + d (disp) 

where Ds(ind) is the induction shift term, which we need not consider here 
(since there is no permanent dipole) and 0s (disp) is the dispersion shift term 
which is given by the expression 

pr9 t v y s ,  t 1 c!n $ n  
Ds (disp)= C m,n rn*n - 2  C 

ys9 m, n ' =(& CP; I vrnn I (ps, CP;, 

n(+rn) [Es  + P  E' EQ] n , m  ' [2L? -E' -E'] 
where 

p&:n = (vk C P ~  I vmn I y; pi) and so on. 

Thk first term is the dispersion interaction of the molecule m in its sth state with 
all other molecules in the crystal, whereas the second term is obviously the 
dispersion energy of the unexcited crystal. The major contribution to @(disp), 
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A THEORY O F  EXCITONS 42 1 

if s is the first excited state, n a y  be expected to come from states t such that 

I Es - E' I < I I? - Eo I . 
In this case, the first term gives a large negative contribution which accounts 
for the negative shifts for the first excited state found in several aromatic molec- 
ular crystals. 
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